In this work, we consider generic properties of lagrangians. Our main result is the Theorem of Kupka-Smale, in the lagrangian setting, claiming that, for a fixed value fixed k ∈ R, generically (in Mañé sense, that is, there exists a residual subset (in C ∞ topology) of smooth potentials, O, such that L+f have the desired property, for all f ∈ O), for a convex and superlinear lagrangian defined in a compact surface, the energy level k is regular and all the periodic orbits, in this level, are nondegenerated of all the orders (that is, the linearizated Poincaré map, restricted to the energy level, does't have roots of the unity as eigenvalues). Moreover, all the heteroclinic intersections in this level are transversal. All the results that we present here are true in dim n ≥ 2, except for Theorem 18, whose proof we are able to obtain just for dimension 2.
Introduction
Our main purpose here is to obtain generic properties, in the sense of Mañé (see [6] , [9] ), for a convex and superlinear lagrangian, in a fixed smooth and compact surface M without boundary.
Our main main is the Kupka-Smale Theorem (Theorem 2), claiming that, for a fixed value k ∈ R (an energy level), generically, this level of energy k is regular, all the periodic orbits in this level are nondegenerated of all orders and all the heteroclinic intersections in this level are transversal.
For the proof of the Kupka-Smale Theorem, we will use the Nondegeneration Lemma (Lemma 7) and a Perturbation Lemma for lagrangian submanifolds (see Contreras & Paternain [7] , Lemma A3) in order to obtain the transversality of heteroclinic (or homoclinic) intersections.
Main results
In what follows we consider (M; g) a compact riemannian manifold without boundary, n-dimensional, L : T M → R, a lagrangian in M, convex and fiberwise superlinear(see [6] to definitions) and H : T * M → R the associated hamiltonian obtained by Legendre transform.
We state our main result just when dim(M) = 2 because we don't know the proof for Theorem 18 when dim(M) = n ≥ 3. This problem remains an open question.
In the study of generic properties of lagrangians we consider the following concept of genericity. Definition 1. Let L : T M → R be a lagrangian in M. We will say that a property P is generic (in Mañé sense, see [6] , [9] ) for L if there exists a generic set O ⊂ C ∞ (M; R), in C ∞ topology, such that, for all f ∈ O, L + f it has the property P.
Consider E L (x, v) = ∂L ∂v (x, v) · v − L(x, v) the energy function associated to L and ε k L = {(x, v) ∈ T M | E L (x, v) = k} the set of points in the level of energy k.
Our main result is a kind of Kupka-Smale Theorem which is a version of the Bumpy Metrics Theorem proved by Anosov [4] , but here for the lagrangian setting. 
Proofs of the main results
Initially, we will restrict our attention to the potentials for which the given level of energy is regular. In Theorem 5 we will see that such set is open and dense.
Definition 3. Given k ∈ R, we define the set of the regular potentials for k, as being
where H is the associated hamiltonian.
Lemma 4. Lets k ∈ R and f 0 ∈ C ∞ (M; R). For each sequence f n → f 0 in C ∞ (M; R) and points ϑ n = (x n , p n ) ∈ ε k fn there exists a subsequence ϑ n i → ϑ 0 ∈ ε
Proof. Indeed, considering the sequence π(ϑ n ) ∈ M and passing to a subsequence we can assume that πϑ n → x 0 ∈ M. Moreover (H + f 0 )(ϑ n ) = H(ϑ n )−f 0 (π(ϑ n )) = (H +f n )(ϑ n )+(f n −f 0 )(π(ϑ n )) therefore |(H +f 0 )(ϑ n )− k| = |(f n − f 0 )(π(ϑ n ))| → 0, that is, (H + f 0 )(ϑ n ) → k.
If we are able to prove that |p n | ≤ ℓ 0 , ∀n, then ϑ n has a convergent subsequence ϑ n i → ϑ 0 ∈ T * M. By continuity (H + f 0 )(ϑ n i ) → (H + f 0 )(ϑ 0 ), and therefore ϑ 0 ∈ ε k f 0 . The proof is by contradiction: assume that (taking some subsequence) |p n | → +∞. Observe that, for each x ∈ M and for each p ∈ T * x M\{0} we have that (H + f 0 )(x, sp) → +∞ when s → +∞. Using the compactness of M we can choose c > 0 such that, ∀ x ∈ M, ∀p ∈ T * x M with |p| > c we have (H + f 0 )(x, p) ≥ k + 1. Therefore, there exists N ∈ N such that, ∀ n ≥ N we have |p n | > c, that is, (H + f 0 )(ϑ n ) → k, which is a contradiction.
Therefore we can extract a subsequence ϑ n i → ϑ 0 ∈ ε k f 0 . For the convergence of f n in C ∞ (M; R) we have that d ϑn (H + f n ) → d ϑ 0 (H + f 0 ) ≡ 0. This is in contradiction with f 0 ∈ R(k).
To get the density of R(k) in C ∞ (M; R), consider f 0 ∈ C ∞ (M; R) and U, an arbitrary open neighborhood which contains a ball with ray ε > 0 and center f 0 . We claim that U ∩ R(k) = ∅.
Indeed, assume, by contradiction, that U ∩ R(k) = ∅ and consider the perturbed hamiltonian of the form H δ := H + (f 0 + δ), with δ ∈ (0, ε). Taking f δ := f 0 + δ ∈ U, we can see that ε , that is, k + δ is not regular value of (H + f 0 ) for all δ ∈ (0, ε), contradicting Sard's Theorem.
Proof of the Nondegeneration Lemma
Definition 6. Given k ∈ R and 0 < a ≤ b ∈ R, we define the set G
Observe that, if we had a, a
k is open and dense in C ∞ (M; R).
is the set of all potentials f ∈ R(k) such that, all the periodic orbits with positive period in the energy level (H + f ) −1 (k) are nondegenerated of all the orders for H + f . So we can conclude that generically on L, the energy level k is regular and all the periodic orbits in this energy level are nondegenerated of all the orders for H + f as consequence of the Nondegeneration Lemma.
Therefore, in order to prove the Nondegeneration Lemma it is enough to show that each G c,c k is open in C ∞ (M; R) and dense in R(k), therefore from Theorem 5, we have that R(k) is dense in C ∞ (M; R).
Now, we will prove that
Lemma 8. Given k ∈ R and f 0 ∈ R(k) there exists U, neighborhood of f 0 in C ∞ (M; R) and 0 < α := α(U, f 0 ) such that, for all f ∈ U we have that all periodic orbits of H + f in the level (H + f ) −1 (k) have bigger or equal period then α.
Proof. First, we will introduce the metric g in T * M, such that, X H+f 0 (ϑ) g ≤ K, ∀ϑ ∈ T * M (it is enough to decompose T T * M in the horizontal and vertical spaces and to extend this metric, to a metric product in T * M, then this condition follows from the compactness of M). Thus, we can find a neighborhood U of f 0 , such that, for all f ∈ U we have X H+f (ϑ) ≤ 2K, ∀ϑ ∈ T * M. Now, assuming that our claiming is false, we get the existence of sequences, U ∋ f n → f 0 , T n > 0 with T n → 0 and
From Lemma 4, choosing a subsequence, we can assume that ϑ n → ϑ 0 ∈ (H + f 0 ) −1 (k). Observe that, fixed t > 0, for all n such that, T n ≤ t, we have
is not an interior point we get the existence of a sequence f n → f 0 where f n ∈ G a,b k . Therefore, there exists
H+fn ℓnTn (ϑ n ) = ϑ n and d ϑn ψ H+fn ℓnTn don't have 1 as eigenvalue with algebraic multiplicity bigger then 1.
Consider U 0 and 0 < α := α(U 0 , f 0 ) < a as in Lemma 8. Choosing a subsequence we can assume that f n ∈ U 0 and therefore T n ∈ [α; a], with Now, we will go prove that G c,c k is dense in C ∞ (M; R) , ∀c ∈ R + . It is enough to show that, G c,c k is dense in R(k). We can reduce this proof to a local approach. More precisely, the claim is a direct consequence of the following lemma of reduction, which proof we will be present in the Section 4.
This concludes the proof of Nondegeneration Lemma.
Proof of Kupka-Smale Theorem
Let us consider a periodic orbit γ = {φ
where H is associated to L by the Legendre transform. We will say that this orbit is hyperbolic if the Poincaré map associated does not have eigenvalue of norm 1.
We define the strong stable and strong unstable manifolds, of γ in θ 0 = γ(0), as:
Respectively we define the stable and unstable manifolds (weak) of γ as
From the general theory of the lagrangians systems we know that, W s (γ), W u (γ) ⊂ H −1 (k) are lagrangians submanifolds of T M, with the symplectic form twist, given by 
Is well know that they are also lagrangians submanifolds of T M.
In order to prove the Kupka-Smale Theorem, we consider the following subsets
we define the following set
Is easy to see that, for all f ∈ K(k) the properties (i), (ii) and (iii) the Kupka-Smale Theorem are valid. Thus, in order to conclude the proof of the Kupka-Smale Theorem, it is enough to show that K(k) is generic, or equivalent, and that each, K n k is an open and dense set (in C ∞ topology). As the local stable and unstable manifolds are continuous in C 1 continuously on compact parts, of the lagrangian field, we get the openness of K n k , because the transversality is an open property.
The next lemma allow us to make a local perturbation of a potential f in such way that the correspondent stable and unstable manifolds become transversal in a certain heteroclinic point θ. The density of K a k follows then of the Lemma 12.
Lemma 11. Consider L a lagrangian, and f :
is a local diffeomorphism in θ and U, V , are small enough neighborhoods of θ in T M, such that,
−1 (k) they are hyperbolic periodic orbits tof , with the same period as to f ; iv) The connected component of
Proof. Initially we consider the hamiltonian H − f associated to lagrangian L + f by the Legendre transform L:
with the canonic symplectic form of T * M, ω = dx i ∧ dp i .
We know, from the general theory of the hamiltonian systems, that γ 1 , γ 2 are in correspondence, by Legendre transform with hyperbolic periodic orbits of same period,
, respectively, the invariant submanifolds, they will be lagrangians submanifolds of T * M, and
Therefore the canonic projection π
Thus we can prove the lemma in the hamiltonian setting.
By [7] , Lemma A3, we can find a neighborhood U of ϑ, and V ⊂ U, such that, V ⊂V ⊂ U, and a lagrangian submanifold, N , C ∞ close toW u (γ 2 ), satisfying the following conditions
As, N is C ∞ close toW u (γ 2 ), we have that the canonic projection π * | N is also a local diffeomorphism in ϑ. From this follows that, if U is small enough,
Observe that, supp(f −f) ⊂ π * (U) and ϑ ∈ supp(f −f ), moreover, choosing U small enough, we will have that π * (U)∩{γ 1 ,γ 2 } = ∅ and thereforẽ γ 1 ,γ 2 still, hyperbolic periodic orbits of same period for the hamiltonian flow ψ
Is easy to see that (H −f)(N ) = k. By [7] , Lemma A1, we have that N is ψ H−f t invariant. As,W u (γ 2 ) depends only of the negative times and, the connected component ofW u (γ 2 ) ∩ U that contains ϑ and N are coincident in a neighborhood ofγ 2 disjoint of supp(f −f), we have that, N =W u (γ 2 ). On the other hand, asW s (γ 1 ) depends only of the positive times and f =f in {U\V }, we have thatW
Now, from the initial considerations it is enough to choose L +f to get the lemma claims.
Proof. Take f 0 ∈ C ∞ (M, R), by Nondegeneration Lemma we can find f 0 arbitrarily close to f ′ ∈ G n,n k , which it is an open and dense set. Thus, it is enough to find f arbitrarily close to f ′ , such that, for any
Take D a fundamental domain of W u (γ 2 ) and θ ∈ D. By the inverse function theorem we know that π| W u (γ 2 ) is a local diffeomorphism in θ if, and only if,
is a lagrangian submanifold we have, from Lemma 29, that the set,
n,n k , we can choose, t(θ), such that, π(θ) does not intercept any periodic orbit of period ≤ n. Then, we fix an neighborhood, arbitrarily small, U ofθ, such that, π(U) does not intercept any periodic orbit of period ≤ n. Taking V , a neighborhood ofθ, such that, V ⊂V ⊂ U as in Lemma 11, we can find
. We can cover the fundamental domain D by a finite number of neighborhoods asV 1 , let us say, W 1 , ..., W s . Since the transversality is an open condition and the local stable(unstable) manifold depends continuously on compact parts, we can choose successively W i+1 such that the transversality in W j , j ≤ i, is preserved. We conclude thus, that
Proof of Reduction Lemma
For the proof of the Reduction Lemma (Lemma 10) we will follow the induction method as presented in Anosov [4] , using transversality arguments as described in Abraham [1] and [2] .
Proposition 13. Given k ∈ R, 0 < a < b < +∞, and f 0 ∈ R(k). Consider the normal field Y H+f 0 as described in Definition 27, ε = ε(H + f 0 ) > 0 as in the Proposition 28, (v), and the following sets,
is an injective representation (see [1] or [2] ).
Proof. Initially we point out that ρ is well defined, therefore Y has the structure of a product manifold and, writing ρ f = (ρ
we can see that each coordinated function is smooth and therefore
It remains to verify that ev ρ : U f 0 × X → Y is smooth. Observe that, due to the product structure of the manifold U f 0 × X, we can write
However we must show that ∂evρ ∂f (f, x) is always defined. By the structure of C ∞ (M; R) we know that this is equivalent to show that there exists
for any h ∈ C ∞ (M; R) and x = (ϑ, T, S) ∈ X. a) In order to calculate d dr (H +f +rh)(ϑ) | r=0 , we proceed directly, getting
we start defining the integral curve γ 0 (t) = ψ H+f t (ϑ) and we also define the field Z h (t) throughout γ 0 given by:
Taking γ(r, t) = ψ H+f +rh t (ϑ) we will have
Using the fact that
, we have that Z h (t) satisfies the following initial conditions:
and
Using techniques of parameter variation (see [8] , pg.46) and the fact that in the Appendix C we will see that
, we have that the field Z h (t) is given by:
(ϑ) and we define the field Z h (t) throughout γ 0 given by:
Making γ(r, s) = ψ H+f +rh ⊥ s (ϑ) we will have
we have that Z h (s) satisfies the following initial conditions:
Using techniques of parameter variation (see [8] , pg. 46) and the fact that in the Appendix C we will see that
, we have that, the field Z h (s) is given by:
From (a), (b) and (c) we conclude that:
Observe that, if S = 0 and ψ
Thus ev ρ is smooth and therefore ρ is a representation.
Lemma 14. With the same notations of the Proposition 13, we have that, ∀f ∈ U f 0 , with T ∈ (a, b) and S ∈ (−ε, ε),
ii) If ϑ is a periodic orbit of positive period, for H + f in the level
if, and only if, ρ f ⋔ (ϑ,T,0) ∆ 0 .
Proof. i) We know that if
Reciprocally, if ρ f (ϑ, T, S) ∈ ∆ 0 we have that ψ
H+f T (ϑ) and (H + f )(ϑ) = k. From the Proposition 28, (v), we have that
Observe that,
has a solution. Indeed, choosing ζ = u − ξ −ṡY H+f (ϑ) we have that the system has a solution if:
(2) Using the coordinates of the Proposition 28, we are going to define the set of the solutions of the equation (2):
That it is a linear submanifold, 2n − 1 dimensional, given by:
}. Therefore the equation (1) restricted to V w is,
From Proposition 28 we can write
m − I n is invertible, and therefore does always exists U such that,
, from the transversality definition, we have that the system (ξ +ṡY
always has a solution. From the above, we have that the equation (3) Proof. Suppose that all periodic orbits of positive period ϑ with T = mT min ∈ (a, b), in the level (H + f ) −1 (k), are nondegenerated of order m, for H + f . Given (ϑ, T, S) we have that if ρ f (ϑ, T, S) ∈ ∆ 0 the claim proved. On the other hand, if ρ f (ϑ, T, S) ∈ ∆ 0 then, from Lemma 14, (i) we have S = 0 and by (ii), we have that
Reciprocally, if ρ f ⋔ ∆ 0 then, for any periodic orbits of positive period ϑ with T = mT min ∈ (a, b) we have that ρ f (ϑ, T, 0) ∈ ∆ 0 . Therefore, from the Lemma 14, (ii), we get that ϑ is nondegenerated of order m, for H + f .
The previous lemma shows that the condition of nondegeneration of the periodic orbits of positive period in an interval (a, b) for a given energy level (H + f ) −1 (k) is equivalent to transversality of the map ρ f in relation to the diagonal ∆ 0 .
The key element for the proof of the Lemma 10 is the following lemma.
Lemma
Proof. i) We know that ev(f, ϑ, T, S) = ρ f (ϑ, T, S) therefore ρ f (ϑ, T, S) ∈ ∆ 0 , and S = 0. Since ϑ is nondegenerated of order m =
ii) As ev(f, ϑ, T, S) ∈ ∆ 0 we must show that
Let us take any (u, v, w) ∈ T (ϑ,ϑ,0) Y, (ζ, ζ, 0) ∈ T (ϑ,ϑ,0) ∆ 0 and (h, ξ,ṫ,ṡ) ∈ T (f,ϑ,T,0) (U f 0 × X). From Proposition 13 we have that
Therefore ev ρ ⋔ (f,ϑ,T,0) ∆ 0 , if and only if, the system
has a solution.
Using the coordinates of the Proposition 28 and taking ζ = u − ξ − sY H+f (ϑ) we have that the equation (2) restricted to the set of the solutions of (3),
, will have the expression
. In other words, the system always has a solution, if the expression,
Therefore it is enough to show that d ϑ ψ
which is the claim of the next lemma.
Lemma 17. With the same notations above, the map B :
generates a space complementary to X H+f (ϑ), Y H+f (ϑ) .
Proof. In order to prove this claim is enough to restrict the map B to a subspace adjusted to C ∞ (M; R). In the first place, given t 0 ∈ (0, T ) and ε > 0, let us denote A t 0 , the following space of smooth functions (a 1 (t) , ..., a n−1 (t)) = 0, ∀t ∈ (t 0 − ε, t 0 − ε)} We go to fix t 0 ∈ (0, T ) and ε > 0, such that, x(t) = π(γ(t)), where γ(t) = ψ H+f t (ϑ), does not contain autointersections for t ∈ (t 0 − ε, t 0 + ε), that is, that H p (γ(t)) = dπX H+f (γ(t)) = 0. Then there existis a system of tubular coordinates in a neighborhood V of π(γ(t 0 )), F : V → R n , such that, i) F (x) = (t, z 1 , ..., z n−1 ); ii) F (x(t)) = (t, 0, ..., 0). Observe that, by construction,
We define then our perturbation space F t 0 ⊂ C ∞ (M; R) as
where,h α,β (x) = α(t)δ t 0 (t) + β(t)δ t 0 (t) , z , F (x) = (t, z) and δ t 0 is a smooth approximation of the delta of Dirac in the point t = t 0 . Initially, given h α,β ∈ F t 0 one can calculate d x(t) h α,β :
On the other hand
Evaluating x(t) and using that h α,β (x(t)) = 0 and σ(x(t)) = 1, we have
To get (1) consider,
To get (2), first we will make δ t 0 → δ Dirac and will write B(h α ) and B(h β ) as
Analogously, by integration we get,
From this equality we have
As H p (γ(t 0 )) = 0 is obvious that we have n − 1 choices, linearly independent, for β 1 (t 0 ).
Indeed, dF is an isomorphism and for all β(t 0 ) ∈ R n−1 we have
contradicting the superlinearity of H. To get (3) observe that, in (2) we got the limit representation
is an isomorphism.
To conclude we observe that, the claim (1) is true independently of the approximation δ t 0 of the delta of Dirac in the point t = t 0 . Moreover the claims (2) and (3) are of linear independence type and therefore still true for δ t 0 , close enough to the delta of Dirac.
The following theorem allow us to make a local perturbation of a periodic orbit nondegenerated of order ≤ m that becomes nondegenerated of order ≤ 2m. The proof is just for dimension 2 and the n-dimensional case is still open. Big part of the argument is true for the n-dimensional case, but we do not know how to show the surjectivity of the representation of the perturbation map describe below. Proof. Choose t 0 ∈ (0, T ) and E(0) = {e 1 (0), e 2 (0), e * 1 (0), e * 2 (0)} a symplectic frame in γ(t 0 ) with e 1 (0) = X H (γ(t 0 )). Consider E(t) = {e 1 (t), e 2 (t), e * 1 (t), e * 2 (t)}, where ξ(t) = d γ(t 0 ) ψ H −t ξ, ∀ξ ∈ E(0), for t ∈ (0, r) with r > 0 arbitrarily small.
Then we can decompose the matrix of the differential of the flow in relation to the base
Observe that, by construction we have that
(1) Now let us consider U an arbitrarily small neighborhood of γ(t 0 ) in T * M and r small enough such thatγ = {ψ
Suppose that we haveH : T * M → R a smooth hamiltonian representing a smooth perturbation of H, such that, supp(H − H) ⊂ V and that jet 1 (H) | γ(t) = jet 1 (H) | γ(t) , and
From the construction of the perturbation describe above we have that
This happens because, the level of energy in γ(t 0 ) and γ(t 0 − r) is the same forH and H, being therefore invariant by the action of the flow of both hamiltonians.
LetŜp (2) be the following subgroup of Sp (2),
and consider the projection π :Ŝp(2) → Sp (1) given by
which is a homomorphism of Lie groups.
Therefore we can conclude that γ will be a nondegenerated orbit of order ≤ 2m, for the perturbed hamiltonian, if
E(0) ) does not have roots of the unity of order ≤ 2m as eigenvalues. Since, the symplectic matrices that are 2m-elementary 1 (in particular, does not have roots of the unity of order ≤ 2m as eigenvalues), form an open and dense subset of Sp (1), is enough to show that, for a choice of the perturbation space , the corres-
Using the homomorphism property we have that
Since the translation X → X · X 0 is an isomorphism of the of the Lie group Sp(1), it is enough to show that the mapH →Ŝ(H) applied to a neighborhood of H generates an open neighborhood of I 2 in Sp(1).
For the construction of the perturbation space we will consider N ⊂ H −1 (k) a local lagrangian submanifold in γ(t 0 ). We can reduce, if necessary, the size of the neighborhood U of γ(t 0 ) chosen previously such that U admits the parametrization (x = (
. In these coordinates we can see thatγ = {(t, 0, 0, 0) | t ∈ (t 0 − r, t 0 )}. Consider, the following perturbation space,
where W = N ∩ V andŴ is a compact set contained in W contend γ(t 1 ) in its interior. Observe that,F can be identified with C ∞ (Ŵ , R), therefore we can think F as a vectorial space. Now we consider the following finite dimensional subspace F ⊂F
where η is a fixed bump function with supp(η) ⊂Ŵ and η ≡ 1 in some neighborhood of γ(t 1 ) in N . Moreover, δ t 1 is a smooth approximation of the delta of Dirac in the point t 1 . Now we are able to define the differentiable map
Thus is enough to show that, (1) is surjective. Now we will calculate d 0 F . Given h ∈ F we have
ξ. For fix l we define a field throughout γ that it verifies the equation
Taking derivative of the equation above with respect to l and using the commutativity of the derivatives we have
Applying the method of variation of constants and using
we will have
In order to obtain expression (3) we need to calculate JHess(h). Indeed, all the integrals will be calculated with the delta of Dirac and not with the approximations, however the same conclusions are true for a good enough approximation.
Considerh(x) = (aδ t 1 (x 1 ) + bδ
As, Hess(h)(γ) = d 
Taking the x 1 -support of δ t 1 small enough, we can assume that 
thus it is enough to show that π(Z) is surjective in sp(1).
A simple calculation shows that,
where
Remember that,
and that H p 2 p 2 = 0, then we have the surjectivity. In order to conclude our proof we must realizes our perturbation through potentials. Consider f ∈ F arbitrarily close to zero such that π(
is nondegenerated of order ≤ 2m. Let us remember that the x-support of f is contained in W which is an arbitrarily small neighborhood of γ(t 1 ) in N .
Consider (x,p) canonic symplectic coordinates in γ(t 1 ), andπ : T * M → R given byπ(x,p) =x. As we have the freedom to dislocate the point t 1 by a ε arbitrarily small, we can use the twist property of the vertical fiber bundle as in Lemma 29 to conclude thatπ| N is a local diffeomorphism in γ(t 1 ).
Take a diffeomorphism q : W ⊂ N → M given by q(x) =x, where (x, 0) ≡ (x,p) in N . Finally the looked potential will be:
By construction, H(x,p) + f 0 (x) has the desired property.
we have that all periodic orbits of H + f in the level k with minimal period ≤ a are nondegenerated of order m ≤ a T min
Moreover, by Lemma 14, (i), we have that
which is a compact set. As ∆ 0 is closed we have that ρ
is a submanifold of dimension 1, with a finite number of connected components. As each periodic orbit, {ψ
, is one connected component of dimension 1 we have that the number of periodic orbits for H + f in the level k with minimal period ≤ a distinct is finite.
We will call, {ψ
f (∆ 0 )}, for i = 1, ..N, the N periodic orbits for H + f in the level k, with your respective minimal periods. From Theorem 18 we can find a sum of N potentials f 0 = f 1 + ... + f N arbitrarily close to 0, such that, all the orbits are nondegenerated of order ≤ 2m for (H + f ) + f 0 . The claim is proved
Lemma 20. With the same notation of Lemma 19, if G a,a
, if ev(f, ϑ, T, S) ∈ ∆ 0 the proof is done. Therefore we assume that ev(f, ϑ, T, S) ∈ ∆ 0 , that is, ϑ is a periodic orbit of H + f in the level k with minimal period, 
Indeed take f ∈ R, then by the Corollary 15 all periodic orbits of the flow defined by H +f in the level k, with minimal period T min are nondegenerated of order m ≤
Thus, if we have a periodic orbit for H + f in the level k, with minimal period
Lemma 22. With the same notation of Lemma 19, if G a,a
Proof. From Lemma 21 we have that (G 3a/2,3a/2 k
Proof of Reduction Lemma 10
Then we can assume that c ∈ R + , with c ≥ α > a > 0.
We claim that, G
The proof is by induction in ℓ.
For ℓ = 1 observe that, G a,a
) ℓ a k ∩ U f 0 = ∅, from the density, and taking a ′ = (
k ∩ U f 0 concluding the proof of the claim. Now, let us take ℓ 0 , such that, (
) ℓ 0 a,( For additional results and definitions in Differential Topology see [2] , [3] or [5] .
B Lagrangian Dynamics
Definition 25. Let L be a lagrangian in M and θ a periodic point of positive period, T min . Fixed a transversal section to the flow, Σ contained in the level of energy of θ there exists a smooth function τ : U ⊂ Σ → R, such that, τ (θ) = T min which is the time of first return to Σ, such that the map P (Σ, θ) : U → Σ given by
is a local diffeomorphism and θ fix point of P (Σ, θ). This map is called Poincaré first return map.
Definition 26. Let L be a lagrangian in M and θ a periodic point of positive period, T min . We will say that θ (or the orbit of θ) is a nondegenerated (see [4] ) orbit of order 1 for L if
Respectively θ is nondegenerated of order m ≥ 1 for L if Ker((d θ P (Σ, θ)) m − Id) = 0.
The property of nondegeneration of order m means that d θ P (Σ, θ) does not have m-roots of the unity as eigenvalues.
For more details on Lagrangian Dynamics see [6] .
C Action of hamiltonian flow differential and the Normal Field Y H
Here we are interested in the hamiltonian viewpoint of the described Lagrangian Dynamics. Initially we will introduce a system of coordinates x = (x 1 , , x n ) in M, then we will have that θ = (x, v) is a system of coordinates in T M where v := v i ∂ ∂x i
. Analogously we get ϑ = (x, p) a system of coordinates in the cotangent bundle T * M where p := p i dx i . Additionally we introduce the canonic symplectic form in T * M given by ω = −dΘ.
where Θ = pdx is the 1-form of Liouville in T * M. In these coordinates ω = dx i ∧ dp i .
Calling the canonic symplectic matrix by J = 0 I n −I n 0 we have that ω(u 1 , u 2 ) = u
Observe that from the conjugation property the nondegeneration of an orbit is the same in the hamiltonian viewpoint.
One can prove that the restriction of the symplectic form ω to T ϑ Σ is nondegenerated and closed form, therefore the Poincaré map is symplectic.
Moreover
D Lagrangian submanifolds
This lemma can be found in [10] , Proposition 2.11, Pg.34, for the geodesic case. Here we present a lagrangian version.
Lemma 29. (Twist Property of the Vertical Bundle) Let L be a smooth lagrangian , convex and superlinear , in M, θ ∈ T M and F ⊂ T θ T M an lagrangian subspace for the twist form in T * M. Then, the set,
is discrete, where V is the vertical bundle in M.
Proof. Let us assume that t 0 ∈ Z F and we must show that there exists δ > 0, such that, (t 0 − δ, t 0 + δ)\{t 0 } ∩ Z F = ∅, where we will consider t 0 = 0 by simplicity. We denote the orthogonal projection in the horizontal space P : T θ T M → H(θ) given by P (ξ) = P (ξ h , ξ v ) = (ξ h , 0), then, P (E) = (J(E ∩ V (θ)))
⊥ in H(θ).
Indeed, given ξ ∈ E and η ∈ E ∩ V (θ) we have that 0 = ω(ξ, ζ) = (ξ h , ξ v ) * , J(ζ h , ζ v ) * = ξ h , ζ v = P (ξ), Jη
This show that P (E) ⊆ (J(E ∩ V (θ))) ⊥ . In order to get the equality observe that from the orthogonality dim(P (E)) + dim(J(E ∩ V (θ))) = dim(P (E)) + dim(KerP | E ) = dim(E) but dim(E) = dim(H(θ)) because J is an isomorphism.
Choose, η i = (e i , 0), i = 1, ..m, a base of P (E) and ξ j = (0, w j ), j = 1, ..k, an orthonormal base of E ∩ V (θ), from the above, m + k = dim(H(θ)) and therefore {η 1 , ..., η m , Jξ 1 , ..., Jξ k } is a base of H(θ).
Consider the natural extension of the horizontal projection P in the orbit of θ, P t : T φ L t (θ) T M → H(φ L t (θ)). As P is smooth, we have that for t close enough to 0 we can choose η i (t) = (e i (t), 0), i = 1, ..m, a base of P t (d θ φ Therefore, for all t close enough to 0 we have that
thus t ∈ Z F .
